Abstract Equations describing the scattering of plane elastic waves from planar interfaces separating homogeneous and isotropic elastic media are complicated by mode conversions. This complexity has historically led to numerous publications containing erroneous solutions or misprints, many of which have been recognized. This article provides corrections for several additional related errors that have been noticed in the literature but not previously reported.
Introduction
When a plane elastic wave is incident on a planar interface separating homogeneous and isotropic elastic media with an impedance contrast, scattered (reflected and/or refracted/transmitted) waves are generated. The amplitude and energy partitioning of scattered components are dependent on the incident wave type, the angle of incidence, and the contrast in impedance across the interface. P-wave (compressional) particle motion is in the direction of propagation and within the plane of incidence (defined by the source, scattering point, and receiver). S-wave (shear) particle motion is perpendicular to the propagation direction, and within a plane that is perpendicular to the plane of incidence (SH wave) or within the plane of incidence (SV wave). For P waves with normal incidence, no components of shear are introduced at an interface, and for S waves (SH or SV type) with normal incidence, no components of compression are introduced. However, for P or SV waves with oblique incidence, mode conversion can occur at the point of incidence because the interface is being both compressed and sheared. Scattered component partitioning at an interface, in which two homogeneous and isotropic elastic solids are in welded contact (meaning all components of stress at the interface and all components of displacement are continuous), can be determined using equations developed by Knott (1899) and Zoeppritz (1919) , and with later formulations provided in Nafe (1957) and Aki and Richards (2002) . Although equations are well established, complexity due to mode conversions has led to numerous publications containing errors, thereby complicating implementation. Many mistakes have been reported and discussed (Gutenberg, 1944; Costain et al., 1963; Singh et al., 1970; Hales and Roberts, 1974; Young and Braile, 1976; Denham and Palmeira, 1984) , serving to reduce the potential for future misapplication. Nafe (1957) and Aki and Richards (2002) present discussion and equations allowing an internal check on the accuracy of computed solutions, serving as an approach for eliminating errors. In this article, computed solutions are presented for several example problems originally published (Lay and Wallace, 1995; Baker, 1998; Schuck and Lange, 2007) to illustrate how seismic-wave partitioning can vary with incidence angle and planar geological interface characteristics. A number of typographical-and solution-related errors recognized in these original publications are briefly discussed, and the accurate problem solutions are presented for practitioner awareness.
Example Scattering Problems and Solutions
Given the wide range of applications for seismic-wave scattering equations, and the fact that solutions are not always intuitive, computer programs that calculate and plot solutions have been developed and made publicly available. Along with improving computational efficiency, such programs have helped to reduce some historical confusion associated with equations (related to the use of various notations, nomenclatures, and sign conventions in the literature, as well as the many above-mentioned misprints and solution errors). Programs are available in FORTRAN (Young and Braile, 1976) , MATLAB (Guy et al., 2003; see Data and Resources) , Mathematica (von Seggern, 2012) , and also as Java applets (see Data and Resources) . Although the capabilities and functionalities of programs vary somewhat, each program similarly computes scattering coefficients of plane elastic waves from a planar interface separating homogeneous and isotropic solids. The evaluation of scattered components from a nonwelded interface (e.g., at a free surface or at an interface between a solid and fluid) requires different equations than those used by the above programs because the boundary conditions are different than at a welded interface (Lay and Wallace, 1995; Aki and Richards, 2002; Chapman, 2004) . Solutions for the welded interface scattering problems presented in this article (using input parameters from Lay and Wallace, 1995; Baker, 1998; Schuck and Lange, 2007) were computed using the PSHSV program (Guy et al., 2003) . Several inconsistencies between PSHSV results and those in the original publications are discussed as well as the validation of published results in other cases. Although not an entirely exhaustive review, many instances of consistency found between published solutions and those computed by the PSHSV program are briefly documented.
The PSHSV computer program calculates and plots displacement amplitude coefficients, normalized squareroot energy ratios, energy coefficients, and phase changes for P, SH, or SV waves incident on an elastic media interface. It was developed using equations primarily from, and derived or modified from, those presented in Sheriff and Geldart (1982) , Shearer (1999) , and Aki and Richards (2002) . It is widely utilized and its solutions have been compared with those in many publications with the following consistencies found. First, displacement amplitude coefficient solutions agree with those for scattered P and SV waves (incident SV wave) in Costain et al. (1963) , scattered SH waves (incident SH wave) in Shearer (1999) , scattered P and SV waves (incident P wave) in Brown (2000) , and scattered P, SH, and SV waves (incident P, SH, and SV waves) in von Seggern (2012). Second, square-root energy coefficient solutions agree with those for scattered P, SH, and SV waves (incident P, SH, and SV waves) in Gutenberg (1944) and scattered P, SH, and SV waves (incident SH and SV waves) in Crampin (1987) . Third and finally, energy coefficient solutions obtained by the PSHSV program agree with those for scattered P and SV waves (incident P wave) in Muskat and Meres (1940) , scattered P and SV waves (incident SV wave) in Costain et al. (1963) , scattered P and SV waves (incident P and SV waves) in Nafe (1957) and Young and Braile (1976) , scattered P, SH, and SV waves (incident P, SH, and SV waves) in von Seggern (2012), and scattered P and SV waves (incident P wave) in Tooley et al. (1965) ; note that an error exists in Tooley et al. (1965) as reported by Denham and Palmeira (1984) . In addition to these agreements, several disagreements between published solutions (Lay and Wallace, 1995; Baker, 1998; Schuck and Lange, 2007) and those computed by PSHSV have been found. These inconsistencies are summarized next, and accurate results for each of the example scattering problems are provided.
Energy coefficient solutions computed by the PSHSV program, for P waves incident on interfaces defined by the media parameters in figure 2 of Baker (1998) , are shown in Figure 1 . When compared with solutions separately computed using the Energy Ratio Explorer program (see Data and Resources), the results in Figure 1 are consistent; both programs employ energy ratio formulations consistent with those in Aki and Richards (2002) . For the given media parameters, it is believed that Figure 1 contains accurate energy coefficient solutions and that the results in Baker (1998) are in error. One difficulty with figure 2 in Baker (1998) appears to have resulted from the media parameter lists for the two plots being erroneously transposed. However, after transposition additional difficulties remain and appear likely to be associated with formulation and employment of equations. As an example, the refracted P-wave energy curve declines to zero at an incidence angle of 30°in Figure 1a , but a decline to zero occurs at an incorrect rate, and a zero value incorrectly occurs near 33°in the top plot of Baker (1998) . A critical angle (θ c ) associated with a refracted P wave should occur at 30°for these parameters because θ c sin −1 V P 1 =V P 2 , in which V P 1 and V P 2 are the incident and refracted media compressional-wave velocities. As another example, reflected P-wave energy peaks near an incidence angle of 60°in Figure 1a , but such a peak incorrectly occurs near 70°in the top plot of Baker (1998) . The energy peak is related to a critical angle associated with a refracted SV wave, Figure 1 . (a,b) Energy ratios computed using the PSHSV program for P waves incident on interfaces defined by the parameters in figure 2 of Baker (1998) . E=E 0 is a ratio of scattered wave energy to incident energy, V P 2 =V P 1 is a ratio of the refracted and incident media compressional-wave velocities, ρ 2 =ρ 1 is a ratio of the refracted and incident media densities, and σ 1 and σ 2 are the incident and refracted media Poisson's ratios; σ V P 2 =2V S 2 − 1= V P 2 =V S 2 − 1, in which V S is shear-wave velocity. Refer to text for discussion.
which for the given media parameters should occur at 60°b ecause θ c sin −1 V P 1 =V P 2 , in which V P 1 and V S 2 (the refracted medium shear-wave velocity) are equal to 1.0 and 1.154. As a final example of apparent errors in figure 2 of Baker (1998), P-wave energy coefficients incorrectly sum to 1.0 near an incidence angle of 82°in the bottom plot of the article. As seen in Figure 1b of this article, however, the P-wave energy coefficients alone should not sum to 1.0 near this incidence angle, because the SV wave reflected and refracted energies have nonzero values. Because of energy conservation, the energy coefficients for all reflected and transmitted modes must sum to unity at all incidence angles.
Displacement amplitude coefficient solutions obtained by the PSHSV program (not shown) were found to agree with those for scattered P and SV waves (incident P wave) in figure 3.27 of Lay and Wallace (1995) . Displacement amplitude and square-root energy coefficient solutions from PSHSV, for P waves incident on an interface defined by the media parameters in figure 3 .28 of Lay and Wallace (1995) , are shown in Figure 2a ,b. When compared with solutions separately computed using the Zoeppritz Explorer program (see Data and Resources), the displacement amplitude coefficients in Figure 2a are consistent (the Zoeppritz Explorer program does not compute square-root energy ratios). Consistency between solutions could be expected, as PSHSV and the Zoeppritz Explorer programs (see Data and Resources) both use displacement amplitude formulations consistent with those in Aki and Richards (2002) . The y-axis label of figure 3.28 in Lay and Wallace (1995) is labeled A=A i E=E i 1=2 , in which A=A i is a ratio of maximum amplitude particle displacement of a scattered wave to that of the incident wave and E=E i is a ratio of scattered wave energy to incident energy (Fig. 2 uses the nomenclature A=A 0 and E=E 0 for these ratios). It is believed that the y-axis label in figure 3 .28 in Lay and Wallace (1995) is in error, and that the label should instead show A=A i (similar to fig. 3 .27 in the book which is labeled correctly). This is because energy only equals the square of amplitude for reflected waves propagating in the same medium and at the same velocity as the incident wave. As illustrated by Figure 2a ,b, the amplitude and square-root energy coefficients are equivalent only for the reflected P wave (not all scattered components) in this example problem. Also, in table 3.1 of Lay and Wallace (1995) , which lists displacement reflection and transmission coefficients, the equation for variable "b" contains an error. The equation reads b ρ 2 1 − 2β 2 2 P 2 − 2ρ 1 β 2 1 P 2 , but it should read b ρ 2 1 − 2β 2 2 P 2 2ρ 1 β 2 1 P 2 instead (as presented in Aki and Richards, 2002) ; variables ρ, β, and p represent interface media density, shear-wave velocity, and horizontal slowness values. Displacement amplitude coefficient solutions (not shown) computed using the equation as it is presented in table 3.1 of Lay and Wallace (1995) were found to not agree with those shown in figure 3.27 and 3.28 of Lay and Wallace (1995) , whereas those computed using PSHSV (using the correct variable "b" equation) were consistent.
Energy coefficient solutions computed by the PSHSV program, for P waves incident on interfaces defined by media parameters in figures 4.6-5 of Schuck and Lange (2007) , are presented in Figure 3 . When compared with solutions separately computed using the Energy Ratio Explorer program (see Data and Resources), the results in Figure 3 are consistent. For the given media parameters, it is believed that Figure 3 contains accurate energy coefficient solutions and that the results in Schuck and Lange (2007) are in error. As an example, for a velocity ratio V P 2 =V P 1 of 0.25, density ratio (ρ 2 =ρ 1 ) of 1.0, and Poisson's ratio (σ) of 0.25, Schuck and Lange (2007) report a reflected P-wave energy coefficient of ∼0:75 at normal (0°) incidence. However, as shown in Figure 3a , the computed normal incidence energy coefficient should equal 0.36. This is because at normal incidence the P-wave displacement amplitude reflection coefficient Figure 2 . (a) Displacement amplitude and (b) square-root energy coefficients computed using the PSHSV program for a P wave incident on an interface defined by the parameters in figure 3 .28 of Lay and Wallace (1995) . A=A 0 is a ratio of maximum amplitude particle displacement of a scattered wave to that of the incident wave, E=E 0 is a ratio of scattered wave energy to incident energy, V P 1 and V P 2 are the compressional-wave velocities of incident and refracted media, V S 1 and V S 2 are the shear-wave velocities of incident and refracted media, and ρ 1 and ρ 2 are the incident and refracted media densities. Refer to text for discussion.
A=A 0 ρ 2 V P 2 − ρ 1 V P 2 =ρ 2 V P 2 ρ 1 V P 1 , and the ratio of reflected to incident energy at normal incidence E=E 0 A=A 0 2 . As another example, for a V P 2 =V P 1 of 1.5, ρ 2 =ρ 1 of 0.33, and a σ of 0.25, Schuck and Lange (2007) report a reflected P-wave energy coefficient of ∼0:05 at normal incidence. However, based on the above definitions and as shown in Figure 3b , the normal incidence energy coefficient should equal 0.11. Although all the media property scenarios in figures 4.6-5 of Schuck and Lange (2007) are not discussed herein, these normal incidence calculations and consideration of accurate solutions for all incidence angles (Fig. 3) illustrate that their published energy coefficients are incorrect.
Conclusions
Solutions have been computed and provided in this article for several previously published seismic-wave scattering problems. The solutions generally illustrate how scattering coefficients of plane elastic waves can vary widely with incidence angle and geologic interface characteristics. Inconsistencies between solutions and those previously appearing in the literature have been discussed and attributed to original publication errors. The awareness of accurate solutions for these example problems should help to further reduce some historical confusion and the misapplication potential associated with seismic-wave scattering equations.
Data and Resources
This study used Java applets (Energy Ratio Explorer 1.0 and Zoeppritz Explorer 2.2) developed by the Consortium for Research in Elastic Wave Seismology (CREWES) to compute solutions to problems for comparison with those computed by the PSHSV program and published equations. The CREWES applets can be found online at www.crewes .org (last accessed December 2014). MATLAB can be found online at www.mathworks.com/products/matlab (last accessed August 2015).
All other data used in the article were obtained from published sources listed in the references. Figure 3. (a,b) Energy ratios computed using the PSHSV program for P waves incident on interfaces defined by the parameters in figures 4.6-5 of Schuck and Lange (2007) . E=E 0 is a ratio of scattered wave energy to incident energy, V P 2 =V P 1 is a ratio of the refracted and incident media compressional-wave velocities, ρ 2 =ρ 1 is a ratio of the refracted and incident media densities, and σ 1 and σ 2 are the incident and refracted media Poisson's ratios. Refer to text for discussion.
